In the Kerr geometry, we calculate various surfaces of constant curvature invariants. These extend well beyond the Kerr horizon, and we argue that they might be of observational significance in connection with non-minimally coupled matter fields. Moreover, we demonstrate that the principal null directions of the Kerr geometry can be obtained by projections involving either the Bel-Robinson or the Kummer tensor. We conjecture that this is also possible in more general settings.
The Kerr solution [1] , describing a rotating black hole, is a truly remarkable exact solution of the vacuum Einstein field equations: it is not only important in astrophysics, has not only spawned a wealth of mathematical tools and devices in the context of the finding of solutions to the Einstein field equations [2, 3] , but it has also served as a testing ground for new physical ideas. For example, the concept of hidden symmetries [4] was discovered after studying the separability of the geodesic equation and the appearance of Carter's constant [5] . More recently, the emergence of conformal symmetry in the near-horizon region of a maximally rotating Kerr black hole has given rise to the Kerr/CFT correspondence [6] .
In this essay, we would like to focus on properties of the Kerr black hole that can be described using invariant expressions obtained from the curvature. We will apply two techniques: visual analysis of invariant curvature surfaces, and projective methods involving the principal null directions of the Kerr spacetime as contracted with tensorial expressions in the curvature. See also Refs. [7] [8] [9] regarding different visualization procedures of spacetime curvature.
The Kerr solution in Boyer-Lindquist coordinates {t, r, θ, φ} takes the form
where we defined ρ 2 ∶= r 2 +a 2 cos 2 θ and ∆ ∶= r 2 −2mr+a 2 . We may readily read off a possible orthonormal coframe such that ds 2 = −ϑ0 ⊗ ϑ0 + ϑ1 ⊗ ϑ1 + ϑ2 ⊗ ϑ2 + ϑ3 ⊗ ϑ3.
I. INVARIANT CURVATURE SURFACES
The Kerr solution (1) is a vacuum solution, and thus the Riemann curvature tensor equals the Weyl tensor, R ijkl = C ijkl . All invariant and tensorial expressions in curvature shall be derived from the Weyl tensor alone.
Let us start by defining the two Cartan invariants [10] E ∶= −
where hatted indices refer to the orthonormal coframe ϑ µ . These quantities capture the mass ("gravitational charge") and angular momentum ("gravitational current") of the Kerr solution. They are ubiquitous in analytic expressions for different (pseudo-)scalar invariants.
Focusing the discussion somewhat, let us now introduce the curvature invariants that will be examined in this work. The Kretschmann scalar K and ChernPontryagin pseudoscalar P take the values [11] 
where ( * C) ijkl is the left dual of the Weyl tensor. Following Ref. [12] we consider the additional KarlhedeLindström-Åman invariants [13] 
They vanish on the Kerr ergosphere (and hence at the Schwarzschild horizon, for a = 0), but they are not very useful in locating the horizon of the Kerr solution. Their explicit form can be found in Ref. [12] . By contrast, the following invariant vanishes on the Kerr horizon [12, 14] :
We close by defining the Bel-Robinson tensor [15, 16] as well as the vacuum Kummer tensor [17, 18] :
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The Bel-Robinson tensor is related to the notion of superenergy, since its full contraction with any timelike vector is positive,
. The Kummer tensor can be introduced by analogy with electromagnetism. In Ref. [17] , it was suggested that this tensor may encode specific properties of gravitational waves. The Bel-Robinson tensor and the Kummer tensor admit the following invariants:
Now we can define invariant curvature surfaces by setting
where f is some polynomial function. Of course, one may also consider simpler cases where just one of the invariants assumes a constant value, as can be seen in Fig. 1 . These invariants define surfaces that may extend well outside the horizon and can take relatively complicated shapes. One may ask: what is a special value for these invariants to take? Since the Kerr solution can be written as ds 2 = m 2 ds 2 , where the new line element ds 2 only depends on the dimensionless parameter α ∶= a m, there is no intrinsic length scale other than m. In other words, if all distances are measured in terms of m, the dimensionless parameter α no longer provides a length scale related to the rotation parameter.
Of course, one special value still exists: zero. Suppose we consider the dynamics of a non-minimally coupled matter field in the vicinity of a black hole. Under some assumptions on the Lagrangian, the non-minimally coupled curvature expressions can serve as an effective potential for the matter field. Therefore, in a WKB approximation where the field dynamics are fast compared to the gravitational dynamics, the field may condense in the minimum of its potential. Notably, in some circumstances, the expression of this minimum may have the structure of Eq. (8), see Fig. 2 for a few zero-curvature surfaces around the Kerr black hole. Again, they may extend far outside the horizon.
II. PROJECTIVE SURFACES AND PRINCIPAL NULL DIRECTIONS
Suppose we have a vector field at our disposal: then, we may consider scalar invariants formed by contractions of expressions in the curvature and that vector field:
An important class of vector fields, n i , intrinsic to a given spacetime, are the principal null directions (PNDs) of the Weyl tensor, defined by n
. The algebraic multiplicity of the corresponding eigenvalue problem then defines the Petrov type of the given spacetime at each point. The Kerr spacetime is of type D, and the PNDs are
Here, n µ ± denotes the components of the PNDs with respect the coframe ϑ µ . According to Eq. (6) in Bel's work [15] , there is an equivalent way to formulate this eigenvalue problem for Petrov type D spacetimes (what Bel calls type IIb). For the Kerr solution it reads
It is straightforward to check that the above implies
Is the converse also true? Interestingly, inserting instead the general null vector
respectively. For m = 0 and E = 0, the unique solution is v 2 = v 3 = 0 for any v 1 . Hence either the Bel-Robinson surface or the Kummer surface imply the PNDs of the Kerr spacetime. Due to the algebraic nature of this proof, it seems plausible to us that this result may hold for general type D spacetimes. It remains to be seen whether these concepts can be generalized to different Petrov types.
III. CONCLUSIONS
Invariant curvature surfaces and projective surfaces seem to play an important role in the study of the Kerr geometry, both for experimental reasons (non-minimally coupled matter fields) as well as for theoretical considerations (Petrov classification). More work is necessary to extend our conclusions beyond the Kerr metric to general Petrov type D solutions and perhaps to other algebraically special spacetimes as well. The z axis is the axis of rotation, and r 2 =∶ x 2 + y 2 + z 2 . Note that all scalars are reflection symmetric with respect to z → −z, whereas all pseudoscalars are antisymmetric. The inner and outer ergosphere are indicated by dashed green, whereas the inner and outer horizon correspond to the solid green lines.
